
Ïîïåðå÷íèêè è n-÷ëåííûå ïðèáëèæåíèÿ

Ïîïåðå÷íèêè

Íàïîìíèì îïðåäåëåíèå êîëìîãîðîâñêîãî ïîïåðå÷íèêà ìíîæåñòâà M â
ãèëüáåðòîâîì ïðîñòðàíñòâå H:

dn(M,H) := inf
dimL6n

sup
x∈M
|x− PLx|.

Ðàçáåð¼ì çàäà÷ó: äëÿ îöåíêè ñâåðõó â dn(BN
1 , `

N
2 ) = dn({e1, . . . , eN}, `N2 ) =√

1− n/N íóæíî ïîñòðîèòü n-ìåðíîå ïîäïðîñòðàíñòâî, ðàâíîóäàë¼ííîå
îò áàçèñíûõ âåêòîðîâ. Èëè, ýêâèâàëåíòíî, N × n ìàòðèöó ñ îðòîíîð-
ìèðîâàííûìè ñòîëáöàìè, è ñî ñòðîêàìè îäèíàêîâîé åâêëèäîâîé äëèíû.
Èíäóêöèÿ: åñëè 2n < N , òî ñâîäèì ê âûòÿíóòîé ìàòðèöå (N,N − n) äî-
ïîëíåíèåì äî îðòîãîíàëüíîé N×N . Åñëè 2n > N , òî ñòàâèì ñâåðõó n×n
îðòîãîíàëüíóþ ìàòðèöó è ñâîäèì ê (N − n, n).

Ðàçáåð¼ì çàäà÷ó: dn(E(a1, . . . , aN), `N2 ) = an+1. Ïðèìåð: ýëëèïñ ñ ïî-
ëóîñÿìè a è b. Îöåíêà ñâåðõó: Ln = {(x1, . . . , xn, 0, . . .)}, ïîãðåøíîñòü:∑

k>n

x2
k 6 a2

n+1

∑
k>n

(x/ak)
2 6 a2

n+1.

Ïî÷åìó íåëüçÿ ëó÷øå: âïèñûâàåì n + 1-ìåðíûé øàð ðàäèóñà an+1. Åãî
íåëüçÿ ïðèáëèçèòü: âñåãäà ìîæíî âçÿòü òî÷êó íà ãðàíèöå øàðà îðòîãî-
íàëüíî ïîäïðîñòðàíñòâó.

Äëÿ ïðèìåðà ðàññìîòðèì äâà êëàññà:

W 1
2 := {f ∈ L2[0, 2π] : ‖f ′‖2 6 1},

Lip := {f ∈ C[0, 2π] : ∀x, y |f(x)− f(y)| 6 |x− y|}.
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Ïåðâûé êëàññ åñòü ýëëèïñîèä â òðèãîíîìåòðè÷åñêîì áàçèñå:

f =
a0

2
+
∞∑
k=1

ak cos kx+ bk sin kx,

f ′ =
∞∑
k=1

−kak sin kx+ kbk cos kx, ‖f ′‖2 =
∞∑
k=1

(kak)
2 + (kbk)

2.

Åãî ïîëóîñè: ∞, 1, 1, 1/2, 1/2, 1/3, 1/3, .... Ñëåäñòâèå:

d2k−1(W 1
2 , L2) = d2k(W

1
2 , L2) = k−1.

Âòîðîé êëàññ óæå (òàì ‖f ′‖∞ 6 1), íî ëó÷øå íå ïðèáëèæàåòñÿ! Ðàñ-
ñìîòðèì â í¼ì 2n ôóíêöèé {n−1 cos kx, n−1 sin kx}nk=1. (Ïî÷åìó îíè â
Lip?) Îíè îáðàçóþò ñæàòûé â n ðàç 2n-ìåðíûé îêòàýäð:

dn(Lip, L2) > dn({ 1

n
e1, . . . ,

1

n
e2n}, L2) =

1

n

1√
2
.

Òàêèì îáðàçîì, dn(Lip, L2) � n−1.

n-÷ëåííûå ïðèáëèæåíèÿ ïî îðòîíîðìèðîâàí-

íûì ñèñòåìàì

Îïðåäåëåíèå

Ïóñòü ϕ1, ϕ2, . . .� îðòîíîðìèðîâàííàÿ ñèñòåìà âH. Ðàññìîòðèì n-÷ëåííîå
ïðèáëèæåíèå ýëåìåíòà f ∈ H ïî ñèñòåìå Φ:

f ≈
∑
k∈Λ

ckϕk,

äëÿ íåêîòîðîãî ìíîæåñòâà |Λ| = n è êîýôôèöèåíòîâ ck. Îïðåäåëèì ïî-
ãðåøíîñòü íàèëó÷øåãî n-÷ëåííîãî ïðèáëèæåíèÿ:

σn(f,Φ)H := inf
|Λ|=n

inf
{ck}
‖f −

∑
k∈Λ

ckϕk‖.

Â îòëè÷èå îò êëàññè÷åñêîãî ñëó÷àÿ, ìû ðàññìàòðèâàåì íå ïåðâûå n ýëå-
ìåíòîâ ñèñòåìû, à ïðîèçâîëüíûå n.
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ßñíî, ÷òî åñëè Λ ôèêñèðîâàíî, òî ck = ck(f) = 〈f, ϕk〉, k ∈ Λ. Ïî
òåîðåìå Ïèôàãîðà ‖f −

∑
Λ ck(f)ϕk‖2

2 = ‖f‖2−
∑

Λ |ck(f)|2. Ïîýòîìó äëÿ
îïòèìàëüíîãî ïðèáëèæåíèÿ íóæíî âçÿòü n íàèáîëüøèõ êîýôôèöèåíòîâ.
Óïîðÿäî÷èì èõ ïî óáûâàíèþ ìîäóëÿ: |ck1(f)| > |ck2(f)| > . . ., òîãäà

f ≈
n∑
j=1

ckj(f)ϕkj , σn(f,Φ)H = {
∑
j>n

|ckj(f)|2}1/2.

Ñëåäóþùåå óòâåðæäåíèå äîêàçàíî Ñ.Á.Ñòå÷êèíûì:∑
|ck(f)| <∞ ⇐⇒

∞∑
k=1

k−1/2σk−1(f,Φ)H <∞.

Ýòî ñâîäèòñÿ ê ÷èñëîâîìó íåðàâåíñòâó.

Ïðèáëèæåíèå ñòóïåíåê

Ðàññìîòðèì ìíîæåñòâî �ñòóïåíåê� X = {χ(a,b) : 0 < a < b < 1}, ãäå ôóíê-
öèÿ χ(a,b) = 1 íà èíòåðâàëå (a, b), è ðàâíà íóëþ âíå ýòîãî èíòåðâàëà.
Óòâåðæäåíèå: ïîãðåøíîñòü n-÷ëåííûõ ïðèáëèæåíèé ýòîãî ìíîæåñòâà ïî
ñèñòåìå Õààðà óáûâàåò â ãåîìåòðè÷åñêîé ïðîãðåññèè:

σn(X, {hk,j})L2 6 C−n.

Óïðàæíåíèå: ïðîâåðüòå, ÷òî dn(X, L2) > cn−1/2. Òàêèì îáðàçîì, n-÷ëåííûå
ïðèáëèæåíèÿ çäåñü õîðîøî �ðàáîòàþò�.

Òåîðåìà î íåñæèìàåìîñòè êóáà

Äëÿ êëàññà Lip íàì ïîòðåáóåòñÿ âàæíûé ðåçóëüòàò Á.Ñ.Êàøèíà.

Òåîðåìà. Ïóñòü Φ = {ϕ1, . . . , } � îðòîíîðìèðîâàííàÿ ñèñòåìà â H, è

n > 0. Òîãäà äëÿ ëþáîãî ìíîæåñòâà âèäà Q = {
∑N

k=1±fk}, ãäå f1, . . . , fN
òàêæå îðòîíîðìèðîâàííû, è N > Cn, èìååì

σn(Q,Φ)H > cN1/2.

Äîêàçàòåëüñòâî. Øàã 1. Ïåðåõîä ê êîîðäèíàòàì â áàçèñå {f1, . . . , fN}.
Òðåáóåòñÿ íàéòè âåêòîð x =

∑N
i=1 zifi, zi = ±1, êîòîðûé íå ïðèáëèæàåò-

ñÿ, ò.å. äëÿ ëþáîãî |Λ| = n èìååì

‖x−
∑
k∈Λ

〈x, ϕk〉ϕk‖2 6 cN ⇐⇒
∑
k∈Λ

〈x, ϕk〉2 6 N(1− c).
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Ïóñòü ϕk =
∑N

i=1 vk,ifi + ϕ⊥k . Òîãäà 〈x, ϕk〉 = 〈z, vk〉.
Äëÿ óäîáñòâà íîðìèðóåì wk = vk/

√
N . Òîãäà, íóæíî íàéòè z ∈ RN ,

zi = ±1, òàêîé ÷òî ∑
k∈Λ

〈z, wk〉2 6 1− c, ∀ |Λ| = n. (1)

Ïðè ýòîì ìû çíàåì î âåêòîðàõ wk ∈ RN ñëåäóþùåå:

|wk| = |vk|/
√
N 6 ρ := N−1/2,

∑
k

|wk|2 = N−1
∑
k

|vk|2 = N−1
∑
k

N∑
i=1

〈ϕk, fi〉2 = 1.

Øàã 2. Ïîñòðîåíèå z. Âîçüì¼ì z ∈ {±1}N ñëó÷àéíî! Äîêàæåì, ÷òî
ñ ïîëîæèòåëüíîé âåðîÿòíîñòüþ âûïîëíåíî óñëîâèå (1). Äëÿ ýòîãî áóäåì
îöåíèâàòü âåðîÿòíîñòè âèäà

Pt := P(z : sup
|Λ|=n

∑
Λ

〈z, wk〉2 > t2ρ2n).

Øàã 3. Èçáàâëÿåìñÿ îò Λ. Ïóñòü |Λ| = n. Òîãäà èìååò ìåñòî èìïëè-
êàöèÿ ∑

Λ

〈z, wk〉2 > t2ρ2n =⇒
∑

k : |〈z,wk〉|> 1
2
tρ

〈z, wk〉2 >
1

2
t2ρ2n. (2)

Øàã 4. Äâîè÷íûå óðîâíè. Âûáåðåì ïîçæå ïîëîæèòåëüíûå ÷èñëà αr,
r = 0, 1, . . ., ñ ñóììîé

∑
αr 6 1. Ðàçîáü¼ì âñå èíäåêñû k èç (2) íà óðîâíè

Kr = {k : |〈z, wk〉| ∈ (2r−1tρ, 2rtρ]}, r = 0, 1, . . . .

Åñëè âûïîëíåíî íåðàâåíñòâî (2), òî ïîñêîëüêó
∑∞

r=0 2−r−1 = 1, íà íåêî-
òîðîì óðîâíå èìååì: ∑

k∈Kr

〈z, wk〉2 > 2−r−1 1

2
t2ρ2n,

îòêóäà îöåíèâàåì #Kr > 2−3r−2n.
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Øàã 5. Îöåíêà âåðîÿòíîñòè îáúåäèíåíèÿ:

Pt 6
∑
r

P(#Kr > 2−3r−2n).

Øàã 6. Íåðàâåíñòâî ×åáûø¼âà:

P(#Kr > 2−3r−2n) 6 (2−3r−2n)−1E#Kr.

Äàëåå,

E#Kr =
∑
k

P{z : |〈z, wk〉| ∈ (2r−1tρ, 2rtρ]} 6
∑
k

P{z : |〈z, wk〉| > 2r−1tρ}.

Øàã 7. Ýêñïîíåíöèàëüíàÿ îöåíêà (÷àñòíûé ñëó÷àé íåðàâåíñòâà Hoe�ding):
äàíû ïîëîæèòåëüíûå ÷èñëà a1, . . . , aN , òîãäà

P(|
N∑
k=1

±ai| > λσ) 6 2 exp(−λ
2

2
),

ãäå σ2 = a2
1 + . . .+ a2

N . Ïðèìåíÿåì:

P{z : |〈z, wk〉| > 2r−1tρ} 6 2 exp(−1

2

(2r−1tρ)2

|wk|2
) = 2 exp(−22r−3t2ρ2

|wk|2
).

Øàã 8. Ñõëîïûâàåì óðîâíè:

Pt 6
∑
r

P(#Kr > 2−3r−2n) 6

6
∑
r

n−123r+2
∑
k

2 exp(−22r−3t2ρ2

|wk|2
) = n−1

∑
k

∑
r

23r+3 exp(−22r−3t2ρ2

|wk|2
).

Ëåììà: �õâîñò� íè íà ÷òî íå âëèÿåò:∑
r>0

23r exp(−4rh) 6 Ch0 exp(−h), h > h0 > 0.

Ïîëüçóÿñü ýòèì, îöåíèâàåì âåðîÿòíîñòü:

Pt � n−1
∑
k

exp(−1

8

t2ρ2

|wk|2
).
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Øàã 9. Äâîè÷íûå óðîâíè ïî |wk|:

K′r := {k : |wk| ∈ (2−r−1ρ, 2−rρ]}.

Èç óñëîâèÿ
∑
|wk|2 = 1 âûòåêàåò, ÷òî #K′r 6 (ρ2−r−1)−2 = 22r+2ρ−2,

n−1
∑
k∈K′r

exp(−1

8

t2ρ2

|wk|2
) 6 n−122r+2ρ−2 exp(−1

8
t222r)� n−1ρ−2 exp(−1

8
t2).

Äàëåå ïîëàãàåì t2ρ2n = 1
2
, t =

√
N/2n, è

P(z : sup
|Λ|=n

∑
Λ

〈z, wk〉2 >
1

2
) 6 C

N

n
exp(−1

8

N

2n
).

ßñíî, ÷òî ïðè äîñòàòî÷íî áîëüøîì N/n ýòà âåðîÿòíîñòü ìåíüøå 1, ÷òî
è òðåáîâàëîñü.

Ñëåäñòâèå äëÿ êëàññ Lip: âîçüì¼ì â êà÷åñòâå fk �òðåóãîëüíèêè� âû-
ñîòû (2N)−1 ñ îñíîâàíèåì [k/N, (k + 1)/N ], òîãäà ‖fk‖2 � N−3/2 è äëÿ
ëþáîé îðòîíîðìèðîâàííîé ñèñòåìû Φ ïîëó÷àåì

σn(Lip,Φ)L2 � N−1.

Ïðèáëèæåíèÿ ïî ñëîâàðþ. Æàäíûå àëãîðèò-

ìû

Ñëîâàð¼ì íàçûâàåòñÿ ìíîæåñòâî D â ãèëüáåðòîâîì ïðîñòðàíñòâå H, òà-
êîå ÷òî |g| = 1 äëÿ âñåõ g ∈ D è spanD = H. Àíàëîãè÷íî ïðåäûäóùåìó
îïðåäåëÿåòñÿ ïîãðåøíîñòü n-÷ëåííîãî ïðèáëèæåíèÿ (ñ÷èòàåì, ÷òî ýëå-
ìåíòû D çàíóìåðîâàíû íåêîòîðûìè èíäåêñàìè, D = {gk}):

σn(f,D)H := inf
|Λ|=n

inf
{ck}k∈Λ,{gk}k∈Λ

|f −
∑
k∈Λ

ckgk|.

Ïðèìåðû ñëîâàðåé:

1. Ï.Î.Í.Ñ. � ðàññìîòðåëè ðàíåå; îäíàêî, íàèáîëåå èíòåðåñíû ïåðå-

ïîëíåííûå ñèñòåìû, ñì. äàëåå;
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2. Ôðåéìû Ïàðñåâàëÿ: ñèñòåìû Φ, äëÿ êîòîðûõ âûïîëíÿþòñÿ ýêâèâà-
ëåíòíûå òîæäåñòâà∑

ϕ∈Φ

〈f, ϕ〉2 ≡ |f |2,
∑
ϕ∈Φ

〈f, ϕ〉ϕ ≡ f ;

3. {u(x)v(y)}; â äèñêðåòíîì ñëó÷àå ñîîòâåòñòâóåò íèçêîðàíãîâîìó ïðè-
áëèæåíèþ ìàòðèö;

4. {r(〈ω, x〉)} � ridge-ôóíêöèè;

Ñî ñëîâàð¼ì ñâÿçàíû ñëåäóþùèå ïîäìíîæåñòâà:

A(D,M) = {f =
∑
k

ckgk, gk ∈ D,
∑
|ck| 6M}.

Âîîáùå ãîâîðÿ, îáúåäèíåíèå A(D,M) ïî âñåì M > 0 íå ñîâïàäàåò ñ H.
×åðåç |f |A(D) îáîçíà÷èì íîðìó íà ýòîì îáúåäèíåíèè, äëÿ êîòîðîé A(D, 1)
åñòü åäèíè÷íûé øàð, òî åñòü:

|f |A(D) := inf{M : f ∈ A(D,M)}.

Òåîðåìà. σn(f,D) 6 n−1/2|f |A(D).

Ðàññìîòðèì äâà àëãîðèòìà ïîñòðîåíèÿ íàèëó÷øèõ ïðèáëèæåíèé.
×èñòî æàäíûé àëãîðèòì (Pure Greedy Algorightm, PGA). Ñòðîèì

ïîñëåäîâàòåëüíîñòü �îñòàòêîâ�: r0 = f . Äàëåå, åñëè r0, r1, . . . , rm ïîñòðî-
åíû, äëÿ îïðåäåëåíèÿ rm+1 íàõîäèì ýëåìåíò ñëîâàðÿ g ∈ D, ìàêñèìèçè-
ðóþùèé |〈rm, g〉|:

|〈rm, g∗m〉| = max
g∈D
|〈rm, g〉|.

(Áóäåì ïðåäïîëàãàòü, ÷òî ìàêñèìóì âñåãäà äîñòèãàåòñÿ.) Ïîñëå ÷åãî ïî-
ëàãàåì

rm+1 := rm − 〈rm, g∗m〉g∗m.
Òàêèì îáðàçîì, ìû íà êàæäîì øàãå ñòðîèì îïòèìàëüíîå ïðèáëèæåíèå
ñ èñïîëüçîâàíèåì îäíîãî ýëåìåíòà ñëîâàðÿ. Îòñþäà ïðîèñõîäèò òåðìèí
�æàäíûé�.

Çàìåòèì, ÷òî

f = r0 = r1 + 〈r0, g
∗
0〉g∗0 = . . . = rn +

n−1∑
k=0

〈rk, g∗k〉g∗k,
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îòêóäà σn(f,D) 6 |rn|.
Ê ñîæàëåíèþ, àëãîðèòì PGA íå äà¼ò ïðèáëèæåíèÿ ñî ñêîðîñòüþ

n−1/2, êàê òðåáóåòñÿ â òåîðåìå, èçâåñòíî ëèøü, ÷òî |rn(f)| � n−γ, îï-
òèìàëüíûé ïîêàçàòåëü γ = 0.18 . . ., òî÷íîå åãî çíà÷åíèå íåèçâåñòíî.

Ðàññìîòðèì äðóãîé àëãîðèòì: îðòîãîíàëüíûé æàäíûé àëãîðèòì

(OGA). Íà÷èíàåì ñ r0 = f . Ïóñòü ìû óæå ïîñòðîèëè r0, . . . , rm ñ ñîîò-
âåòñòâóþùèìè g∗0, . . . , g

∗
m−1. (Âîîáùå ãîâîðÿ, ýòî äðóãèå âåêòîðà rn, g

∗
n,

íå òàêèå êàê â PGA.) Ñëåäóþùèé ýëåìåíò ñëîâàðÿ îïðåäåëÿåòñÿ òàê æå,
êàê è â PGA:

|〈rm, g∗m〉| = max
g∈D
|〈rm, g〉|.

Òåïåðü ïîëîæèì Hm = span {g∗0, . . . , g∗m}, è

rm+1 := f − PHmf = rm − PHmrm.

Ïîñëåäíåå ðàâåíñòâî âåðíî â ñèëó òîãî, ÷òî f è rm îòëè÷àþòñÿ íà ýëåìåíò
èç Hm−1 è, çíà÷èò, èõ îðòîïðîåêöèÿ íà H

⊥
m ñîâïàäàåò.

Èòàê, â îðòîãîíàëüíîì æàäíîì àëãîðèòìå ìû áåð¼ì íàèëó÷øåå ïðè-
áëèæåíèå âñåìè óæå ïîñòðîåííûìè ýëåìåíòàìè ñëîâàðÿ. Äàëåå ìû äî-
êàæåì, ÷òî äëÿ ýòîãî àëãîðèòìà |rn| 6 n−1/2|f |A, îòêóäà áóäåò âûòåêàòü
òåîðåìà.

Ïîëîæèì ρ(f) = max
g∈D

|〈f,g〉|
|f | . ßñíî, ÷òî

|f − 〈f, g∗〉g∗|2 = |f |2(1− ρ(f)2). (3)

Îöåíèâ ρ(f) ñíèçó, ìû ïîêàæåì, ÷òî æàäíîå ïðèáëèæåíèå óìåíüøàåò
íîðìó |f |.

Ïóñòü f ∈ A(D, 1), òî åñòü f =
∑
ckgk,

∑
|ck| 6 1. Çàïèøåì

|f |2 = 〈f, f〉 = 〈f,
∑

ckgk〉 6
∑
|ck| · ρ(f)|f |,

îòêóäà ρ(f) > 1/|f |.
Äàëüøå íàì ïîíàäîáèòñÿ ïðîñòàÿ ëåììà: ïóñòü am > 0, a1 = 1, am+1 6

am(1− am). Òîãäà am 6 1/m. Ýòî ëåãêî ïðîâåðÿåòñÿ ïî èíäóêöèè.
Ïåðåéä¼ì íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó òåîðåìû. Äàíî, ÷òî f ∈

A(D, 1). Ìû îöåíèì íîðìó rm+1 èíäóêòèâíî, ÷åðåç íîðìó rm. Âî-ïåðâûõ,
rm = f − PHm−1f ∈ H⊥m−1, îòêóäà

|rm|2 = 〈rm, rm〉 = 〈rm, f〉 6 |rm|ρ(rm),
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îòêóäà ρ(rm) > 1/|rm|. Âî-âòîðûõ, ÿñíî, ÷òî íàèëó÷øåå ïðèáëèæåíèå
ïîñòðîåííûìè ýëåìåíòàìè ñëîâàðÿ ëó÷øå, ÷åì ïðèáëèæåíèå òîëüêî g∗m,
ïîýòîìó (ñì. (3)), |rm+1|2 6 |rm|2(1−ρ(rm)2) 6 |rm|2(1−|rm|−2). Îñòà¼òñÿ
ïðèìåíèòü ëåììó äëÿ am = |rm|2.
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